This study is concerned with the theory of thermoelasticity of type III proposed by Green and Naghdi, which is extended to cover the bodies with dipolar structure. In this context we construct a boundary value problem for a prismatic bar which is subjected to some harmonic in time vibrations. For the oscillations whose amplitudes have the frequency lower than a critical value, we deduce some estimates for describing the spatial behavior.
Introduction
Many studies published in the last years have highlighted that the classical uncoupled theory of thermoelasticity predicts two phenomena not compatible with concrete experiments: the equation of heat conduction does not contain any elastic terms and the heat equation is of parabolic type and this means that it predicts infinite speeds of propagation for the heat waves. In order to eliminate the paradoxes of the classical theory, a great number of studies were published. In this context, Green and Naghdi developed three different theories, labeled type I, type II and type III, in [1] - [3] . So, the Green-Naghdi theory of type I is equivalent to the classical coupled thermoelasticity theory. In the Green-Naghdi theory of type II the energy of the system is constant in time, in other words, this theory does not admit energy dissipation and implies a finite speed of propagation for the heat waves. Finally, the GreenNaghdi theory of type III admits dissipation of energy and the heat flux is a combination of type I and type II. Also, this type III implies a finite speed of propagation for the heat waves.
Essentially, the theories of Green-Naghdi are based on an energy balance law rather than an entropy inequality. In the context of thermodynamics the so called "thermal displacement" is introduced, denoted by τ , which is related to the temperature variation θ by means of the relation τ (t) = t 0 θ(s)ds.
(
There are other studies (see, for instance, [4] ) in which the Fourier law is replaced by an approximation of the equation where the thermal displacement function, the thermal conductivity tensor and the conductivity rate tensor appeared. By using Taylor approximations, it is proved that this theory covers the Green-Naghdi theories. The theory of bodies with microstructure has primarily the aim to remove the differences which occur between experiments and the classical theory of elasticity. The results of classical elasticity prove not to be appropriate when the body's overall deformations are subject to effects of material microstructure. This happens in the case of ceramics, graphite, human bones, polymers (that is, some granular bodies with large molecules), and so on. Eringen was the first to study this kind of theory (see for instance [5] , [6] ) which was continuously studied in various papers, such as [7] - [9] . Some considerations on waves for specific bodies with microstructure can be found in [10] - [13] . A specific aspect of the microstructure is the dipolar structure. Many valuable researchers emphasized the importance of the dipolar structure of materials. The start was given by the published results of R. D. Mindlin [14] as well as A. E. Green and R. S. Rivlin [15] , which approached also in other papers the multipolar structures and in particular, the dipolar structures. Another known reseacher, M. E. Gurtin published a few articles on multipolar structures. It is enough to recall the paper [16] , where Gurtin together with E. Fried discover integral statements of force balance, energy balance, and entropy imbalance for an interface between a body and its environment. We want to outline that in the theory of dipolar continua the degrees of freedom for each particle are three translations and nine micro-deformations and each material point is constrained to deform homogeneously. The theories of dipolar bodies are quite sufficient for a large number of solid mechanics applications. Studies on harmonic oscillations appeared long time ago, but have been of great interest for a large number of researchers in the last period of time. So, in the context of the linearly damped wave, Flavin and Knops (1987) treated the spatial behavior of harmonic vibration. Similar results, in other conditions, we find in Flavin and Knops (1990) and Knops (1991) . Chiriţȃ in (1996) extended the results to cover the linear theory of thermoelasticity. Also, we must outline the results regarding the wave propagation obtained by Quintanilla and Straughan (2004) . We will formulate the mixed initialboundary value problem consisting of equations and conditions in the context described above. These equations and conditions refer to the displacement vector u i , the dipolar displacement tensor ϕ ij , the temperature θ, the mass density , the thermal capacity c, the thermal conductivity tensor, the thermal displacement α and the elastic coefficients tensors. All these quantities are smooth functions of the position, f = f (x). We will see that we need to assume that the heat capacity, the mass density are positive and also, the thermal conductivity tensor and the elasticity tensors are positive definite in order to have the well-posedness of the Green-Naghdi thermoelasticity of type III.
If, on the contrary, we do not assume the positivity of the elasticity tensors, the mixed problem with the usual initial and boundary conditions becomes ill-posed. The plan of our study is the following. In Section 2 we recall the basic notations, the fundamental equations, the initial conditions and the boundary conditions required to define the mixed problem for the type III thermoelasticity of dipolar bodies. In Section 3 we include the main results. In Proposition 1 and Theorem 1 we prove two estimates which are used to obtain the two main results.
Notations and basic equations
Assume that at time t 0 our dipolar thermoelastic body occupies the domain B included in the Euclidean three-dimensional space R 3 . Its boundary is the piecewise smooth surface ∂B. In B we will use a fixed system of rectangular Cartesian axes Ox i , i = 1, 2, 3 so that in this system any point P from Ω is characterized by three rectangular coordinates x 1 , x 2 , x 3 and we use the notation x for (x 1 , x 2 , x 3 ). So, x will be the position and t will be the time. The functions considered in the following are considered to be functions of (x, t) defined on the cylinderB × (0, ∞), whereB = B ∪ ∂B. If there is no likelihood of confusion, the spatial variables and the time variable of the functions will be omitted. We will use the known convention of summation over repeated subscripts and differentiation. Greek subscripts are understood to range over the integers (1, 2) and Latin subscripts take the values 1, 2, 3. We also use a superposed dot to denote the partial differentiation with respect to time, t,ḟ = ∂f /∂t, and a subscript preceded by a comma denotes partial differentiation with respect to the corresponding Cartesian coordinate, f ,j = ∂f /∂x j . Our mathematical model requires a system of governing equations in the context of the linear theory of dipolar thermoelasticity. By using the known procedure of Green and Rivlin we consider a new motion which differs from the given motion only by a superposed rigid motion defined by a rotation of uniform rigid body angular velocity and suppose that for the given motion, all characteristics of the body are unaltered by such a superposed rigid motion. So we deduce the following kinetic relations, which give the expressions of the strain measures ε ij , γ ij and χ ijk and of the thermal displacement gradient α i with regard to the variables of motion (see Eringen [5] )
The motion of the dipolar body in type III thermoelastodynamics will be characterized by the displacement vector of components (u i ), the dipolar displacement tensor of components (ϕ ij ) and the thermal displacement α.
We will consider that all components of the displacement and the temperature variation from some reference temperature are small. Also, the space derivatives of these functions and their time derivatives are small. We restrict our considerations to the case where the materials have a center of symmetry. Also, we suppose that the body is free from stress, in its reference configuration, and has zero intrinsic equilibrated body forces and body couples. The linear theory requires a quadratic form for the specific Helmholtz free energy H with regards to its independent constitutive variables.
Correspondingly, the internal energy density E has the expression
The specific Helmholtz free energy H is used in the inequality of entropy to obtain the constitutive equations that give the expressions for the stress measures in terms of the strain measures
In a similar manner, the motion equations are obtained in the form that follows
and, also, the energy equation
We must specify that the above equations (1), (5)- (7) take place for (x, t) ∈ B × (0, ∞). Also, the notations used in the previous relations have the following meanings: is the mass density; I jk are the components of the inertia; θ is the variation of the temperature related to the uniform reference temperature θ 0 ; ε ij , γ ij , χ ijk and α i are the strain measures; τ ij , σ ij and µ ijk are the strain measures; f i are the components of the external body forces; g jk are the components of the external dipolar body forces; η is the entropy per unit volume; the components of the heat flux are q i ; r is the external rate of supply of heat per unit mass; C ijmn , G ijmn , ..., Q i are the constitutive coefficients and these characteristics of the material, together with the mass density and the heat capacity c, are continuously differentiable functions, depending on the spatial variable only and satisfying the following symmetry relations
According to Green and Naghdi [3] , we can define the internal rate of supply of the heat per unit mass through the thermal displacement gradient α i as follows
where the heat conductivity tensor R ij is symmetric and satisfies the dissipation inequality
Main results
In the following we will suppose that the lateral surface of the prismatic bar and its base x 3 = h are maintained at zero thermal displacement, null displacement and null dipolar displacement and is subject to a given harmonic in time vibration on the base x 3 = 0. As a consequence, within the prismatic bar we expect to get a solution that is harmonic in time, that is of the form
where i is the complex unit, i 2 = −1, and w is a given positive constant. If we take into account equations (11), then the kinetic relations (2) become
As a consequence, the constitutive equations (5) receive the form
In the absence of the external body forces and of the external dipolar body forces, and considering equations (11) the equations of motion (6) become
If we take into account equations (11), the energy equation (7) receives the form
Along with the basic equations above, we will now add the boundary conditions. The generic cross-section of the cylinder will be denoted by Ω and assume that its boundary ∂Ω is smooth enough to apply the divergence theorem. Then the boundary conditions on the base of the cylinder, that is, the end x 3 = 0 have the form
On the end x 3 = l we have
where l is the length of the cylinder.
The lateral boundary conditions have a similar form
We will denote with (P ) the boundary problem that consists of the basic equations (12)- (15) and the boundary conditions (16)- (18) . The following two estimates will be useful in the following.
is the amplitude of a vibration which is a solution of the problem (P ), then the following two estimates take place
where a bar over a function refers to the complex conjugate of the respective function.
Proof. We multiply in (13) 1 and (13) 2 byŪ n , in (13) 3 byΦ nr and in (13) 5 byT , then we add the three relations that result. If we use the equations (14) and (15) we are led to the relation
Now we apply the complex conjugate in (13) 1 -(13) 3 and (13) 5 and then in the first relation that we obtain, we multiply by U n , in the second by Φ nr and in the last by T . If we add the three relations and use the equations (14) and (15), we obtain the relation
in which we took into account the symmetry relations (8) . Finally, we integrate in (21) and (22) on the cross-section Ω(x 3 ) and with the help of the lateral boundary conditions (18) we get the desired relations (19) and (20) . In order to obtain our main result, namely a spatial behavior of the amplitude (U j , Φ jk , T ) of the harmonic vibrations which is a solution of the problem (P ), we need the following function
where x 3 ≥ 0 and δ is a parameter which can take any positive value we need. Also, in order to estimate the amplitude of the harmonic vibration, we need the following measure
where λ 1 , λ 2 , λ 3 and λ 4 are positive parameters which can be conveniently chosen.
We will use the following hypotheses: i) the mass density and the tensor of inertia are strictly positive, that is, > 0, I jk > 0; ii) the heat conductivity tensor R mn satisfies the condition:
where the positive constants µ m and µ M are related to the minimum and maximum eigenvalues of the positive definite tensor R mn . Similar conditions satisfy the elasticity tensors that occur in the internal energy density.
is the amplitude of a vibration which is a solution of the problem (P ) having a frequency w lower than a prescribed value w * , then we can compute a constant ν such that the measure M(x 3 ) satisfies the following estimate
Proof. Let us denote by λ 0 the first eigenvalue of the problem
Clearly, (27) is the clamped membrane problem. Based on the lateral boundary conditions (18) we can deduce that
By using the relations (19) and (20) we are led to
By using the Cauchy-Schwarz inequality and also the arithmetic-geometric mean inequality, we can obtain some upper bounds for the integrals in the right-hand side of equation (29). For instance, if we use the notation
we have
Also, we have
A jklmnr C jklCmnr dA
where
For the other integrals from (29) we deduce
If we take into account the estimates (30)- (41), from (29) we are led to the inequality
C klmn E klĒmn dA
According to Flavin and Knops (1987) , the frequency of the vibration must satisfy the following restriction
If we take into account the end boundary conditions (17) , from (23) we deduce that F(l) = 0. On the other hand, if we choose
then taking into account equations (42) and (43), from (29) we deduce that
Let us introduce the notation
Then, using (24) we deduce that
Using the definitions (23) and (24) and the inequality (45), we are led to 
for any x 3 ∈ [0, l − h]. Clearly, by integrating in (49) we obtain the estimate
But M(x 3 ) is a non-increasing function on the interval [0, l], so we can deduce that
and, taking into account this inequality, from (50) we obtain the desired estimate (26) and the proof of the theorem is concluded.
Conclusions
It should be stressed that the procedure used in this study is slightly different from that used in the classical case of simple elastic solids. Although the context offered by the Green-Naghdi thermoelasticity of type III for dipolar bodies is much more complicated, the estimates describing the spatial behavior of the harmonic vibrations were obtained in a similar manner. This behavior is obtained only for the amplitudes for which the frequency is lower than a critical value, which is influenced only by the mechanical effects. It can not be deduced that the choice of χ as above determines the best value for the decay rate, but surely it assures an exponential decay. It can be anticipated that the results remain valid for other end boundary conditions provided that the heat flux and the tractions are assumed to be harmonic in time functions and provided that the lateral boundary conditions are null.
